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This paper is a brief study of Bernhard Riemann’s main result in analytic
number theory: the article “Uber die Anzahl der Primzahlen unter einer gegebe-
nen Grosse” (1859), in which he derives an explicit formula for the prime count-
ing function. Much of our paper works to make Riemann’s intuitive statements
more rigorous. In fact, to prove some of his ideas, we need to use theorems that
were not invented until decades after his lifetime.

1 Introduction

The theory begins with Euler’s product formula, which states that for s > 1,
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where p ranges over all primes. The fomula can be shown by expanding each
term in the product as
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and multiplying out all of them. This results in an infinite sum of terms in the

form
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where pq, ..., pn, are distinct primes and k1, ..., k,, are positive integers. Then
one may use the fundamental theorem of arithmetic, which states that every
integer has a unique prime factorization, to see that each of these terms is a
1/n®. When summed, these terms equal the left-hand side.

Riemann called this function ((s) and considered its behavior when s is
a complex variable. It is not hard to see that it converges in the halfplane
Re(s) > 1. Let s = o + it where o and ¢ are real. Then for o > 1,
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But |e~%!°8"| = 1, 50 the sum converges absolutely in the halfplane Re(s) > 1.
Moreover, in Re(s) > 1 there is uniform convergence, so ¢ is holomorphic in this
halfplane.

2 Properties of ((s)

To obtain a formula for (s) that works when s is outside the halfplane Re(s) >
1, we shall extend ¢ to a meromorphic function in C, using the gamma and
theta functions.

2.1 The Gamma Function

Our first object of study is the gamma function, defined as
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for s > 0. When s is a positive integer, I'(s) = (s —1)!. To see that it converges,
one may break it up into
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and observe that the second integral defines an entire function, while the first
can be dealt with accordingly. Expand e~! as a power series and integrate
termwise, resulting in
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which defines a meromorphic function on C, having poles at the negative integers
with residue (—1)"/n! at s = —n. This is easy to verify, as the rapid growth
of n! in the denominator makes the series converge uniformly. Therefore, the

relation -
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defines a meromorphic function.
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Before going on, we first write out a property of the gamma function that
shall be useful later:
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The first line is due to Euler, and the second and third are reformulations of it.

2.2 The Theta Function

For our case, define the theta function for real ¢ > 0 as

This satisfies the functional equation

I(t) =50 (1)

which can be shown by application of the Poisson summation formula to 9(¢).
The growth of ¥(¢) is bounded like

|9(t) — 1] < Ce™ ™.

This can be seen from the fact that

ie"mzt < i e ™ < Cem ™
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for t > 1. The behavior of ¥(t) near t = 0 is given by
9(t) < Ct~z
which can be seen from the functional equation.

2.3 Analytic Continuation and Functional Equation

Now we are in a position to relate ¢, v, and ¥ as follows. The proof is based on
Stein and Shakarchi [S1]. Let Re(s) > 1. If n > 1, then

/ efwnzuu(sﬂ)*ldu = WﬁS/QF(S/Q)nis’
0



which can be seen immediately from the change of variable u = t/(7n?), making

the integral
/ et/ =1y . (7rnQ)_s/2
0

equal to 7~%/2T(s/2)n~°. Now, because
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and because of the previously shown bounds on the growth and decay of ¥, we
may interchange the sum and integral. Then
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The functional equation ¥(u) = u~/29(1/u) implies
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From the previously derived equation, we have, for Re(s) > 1,
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Note that this defines a meromorphic function with simple poles at 0 and 1.
This is because the exponential decay of v in the integral means the integral
defines an entire function. Also, observe that the value is unchanged if s is
replaced by 1 — s. Hence

72T (s/2)¢(s) = 702D (1L - 5)/2)¢(1 - s),



which allows us to define values for zeta everywhere except the pole at s = 1.
We shall follow Riemann’s notation and multiply 7~%/2T'(s/2)((s) by the
factor s(s —1)/2 and define this as*

E(s)=T(s/2+1)(s— 1)7T_S/2C(8).

The advantage of using this definition of £ is that the multiplying by s and
s — 1 effectively cancel the simple poles of 7=%/2T'(s/2)((s), and hence £(s) is
an entire function and satisfies

£(s) =¢(1 —s).
We may rearrange to find

m°£(s)
(s —1)I(s/2+1)’

((s) =

which shows that ¢ has a simple pole at 1 and zeros where I'(s/2 + 1) has poles,
namely at s/2 = —n, n € N. Hence zeta has simple zeros at —2, —4, —6, etc.
These are defined the trivial zeros. Note that all other zeros of ¢ must also be
zeros of £. These nontrivial zeros are denoted by p.

Furthermore, the zeta function can be defined in the halfplane Re(s) > 1 by
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Now (1—1/p*)~! —1 converges absolutely, so if zeta has a zero in this halfplane,
then one of the terms (1 — 1/p*)~! must equal zero. This is impossible, so ¢
has no zeroes in the halfplane Re(s) > 1. And from the functional equation
&(s) = £(1 — s), it follows that there are no zeros in the halfplane Re(s) < 0,
except at the trivial zeros. Thus all of the nontrivial zeros must lie in the
rectangle 0 < Re(s) < 1. This bound can be improved to remove the lines
Re(s) = 0 and Re(s) = 1 and thus have the statement that all nontrivial zeros
of zeta lie in the region 0 < Re(s) < 1, which is denoted as the critical strip.

2.4 Product Formula for £(s)

Riemann assumed it was possible to factor £(s) in terms of its roots in something
of the form
s
)= s (1-2).
P P

where {(s) is a function that does not vanish. Given this was possible, he showed
that f(s) must be a constant, and then showed that the constant must be
f(s) = &(0), which follows upon setting s = 0.

*The £ function is usually defined as £(s) = m~5/2I'(s/2)¢(s), which has been shown to
have simple poles at 0 and 1.



The factoring step is indeed valid as shown by Hadamard in 1893, some 34
years after the publication of Riemann’s paper. We will not repeat the proof of
the Hadamard factorization here, as it is a fairly intricate result (a proof can be
found starting on p.147 of [S1]). The factorization theorem states for this case
that f(s) = e**?* because ¢ has order of growth 1 (this can be easily checked
from the equation defining &). Then since (s — 1/2) is an even function (this
follows from £(s) = £(1 — s)), Relog&(s — 1/2) is an even function but must
grow slower than s'*¢. A linear term cannot be even, so it must be constant.
Hence we have the equation

But we also have by definition that

E(s)=T(s/2+1)(s— 1)77_5/2((8),

so we may combine these, take the log, and rearrange to obtain

log ((s) = log{(O)—i-;log (1 - ;) —logll’ (g + 1) +%10g7r—10g(8—1). (2)

3 Building the Formula
3.1 =(x) and J(x)

The end goal is to obtain a formula for 7(z), which counts the number of primes
less than z. For our purposes, we shall use the formula

W(x):% PRSI

p<z p<z

This function starts at 0 when = = 0 and jumps by 1 at each prime. At each
jump, the function assumes the halfway value. Since 7(z) almost everywhere
assumes integer values, it is difficult to imagine why a formula based on analytic
techniques should exist.

Riemann next defined the function J(z). Like 7(z), this function starts at 0
when 2 = 0 and jumps by 1 for every prime, but it also jumpts by 1/2 for every
prime square, 1/3 for every prime cube, etc. It may be defined as

1 1 1

where it assumes halfway values at the jumps. The reason this function is
interesting is that it may be related to the zeta function as follows.



Consider the product formula of {(s) for Re(s) > 1
() =115
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Taking the log of both sides and using the Taylor series for the log yields

log¢(s) = 3 — log (1 - ;)
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Observe that
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which follows from elementary calculus. We may substitute this into the log {(s)
formula to obtain
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Because this is absolutely convergent for Re(s) > 1, it follows that we may
interchange the order of summation and integration, resulting inf

log((s) = 8/0 Z %x_s_ldx

(o)
pr<z
= s/ J(x)z* " da. (3)
0
This is the key relation between ((s) and J(x). Later in this section we shall
use this formula again.
Now we need a relation between J(z) and 7(z). This is given by

)+én(a:%)+--- (4)

N

1
J(x) =7(z)+ 577(33
where the number of primes less than z is counted with weight 1, the number
of prime squares less than z is counted with weight 1/2, etc. Note that the sum
is actually a finite sum, as 7(z) = 0 for < 2 (there are no primes less than 2).
This shall be helpful, though not necessary, for inverting the relation.

TNote that since jumps occur on a set of measure zero, it does not matter in the sum
whether we use p™ < x or p™ < x.



The method of inversion will be the Mobius inversion. Let p(n) denote the
Mobius function, defined for n € N as

1, ifn=1,
w(n) =< (—1)%, if n is the product of k distinct primes,
0, otherwise.

Then Mobius inversion on equation (4) gives

which is also a finite sum, for when = < 2, we have J(x) = 0 (there are no
primes or prime powers less than 2). So, all the terms where zw < 2 are 0, that
is, which means there are only |logz/log2]| non-zero terms.

At this point, note that since J(x) counts primes and weighted prime powers
below x, J(x) grows no faster than « (in fact, the prime number theorem implies
J(x) ~ z/logx). Then the function J(x)x~*~! grows slower than z=*. Combine
this with the fact that J(z) = 0 for < 2, to see that J(x)x~*~! is integrable
across the line when Re(s) > 1. So, we may use the inverse Laplace transform

on the equation
1 oo
OgC(S) :/ J(:L,)x—s—ldw
s 0

which is a reassembling of equation (3) to find

a+i00 SCS
J(x) 1 / log C(s)?ds (5)
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with a > 1.

3.2 The Product Formula and the Result

The next step begins a long line of hard work. We now attempt to substitute
equation (2), reprinted below,

s s s
log ¢(s) = log&(0) +zp:10g (1 — p) —logT’ (5 + 1) + ilogﬂ —log(s —1)

into (5). If this works, then we can integrate term-wise and obtain a formula
for J(z). Unfortunately, the direct substitution does not work because it leads
to divergent integrals. We can, however, first integrate (5) by parts to obtain

J@) = 11 /a“+i°° d {logC(S)}xsds (6)

S omi log x ds S
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and then carry out the processes of substitution and term-wise integegration
to obtain the desired formula. The integration by parts of (5) depends on the
behavior of the term
1 1 log((s) .
. . z

27i log x s

when s — a £ co. To prove the validity of (6), it suffices to show that

lim log ¢(a £14T) paiT

=0.
T—o0 a+iT

This follows from the inequality

|log ¢(a +iT)] ZZ 1/n)p~ %) SZZ 1/n)p~"* =log((s) < o0
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so that the numerator is bounded, the denominator goes to infinity, and the
right-hand term is also bounded. Hence the term goes to zero and the integration
by parts is valid. The next section, in which we integrate term-wise, is the hard
part.

4 The Terms of J(x)

After substitution, formula (6) at the end of the last section gives us an integral
with 5 terms. The evaluations of some of these integrals are certainly not trivial.
Much of the work in this section is due to Edwards [E1].

For sake of nearby reference for the reader, the integral is

Sy L /“*m d {bgc( )}xsds

271 log T ds s
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and the terms are
S S
log ((s) =1log&(0) + Zlog <1 - ) —logT (5 + 1) + §log7r —log(s — 1),
derived in the previous sections.

4.1 The Main Term
We shall start with the —log(s — 1) term. This becomes

1 1 atico 1 -1
— / 4 [og(s )} xds.

211 logx ds s
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To compute this integral, we first define a few auxiliary functions, the the first

of which is
P floslo/) =1} .,

2wt logx ds s
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where our term in question is the special case F(1). To extend F, we take
a > Re 5 and define log[(s/8) — 1] as log(s — /3) - log 3, to follow the principal
branch of log. Moreover, the integral is absolutely convergent because

d logl(s/B) —1]| _ [logl(s/B) 1] | 1
ds s - 5|2 ls(s — B)]
is integrable, while x° oscillates on the line of integration. Now we use the
derivative
dlogl(s/8) —1] _ 1
ap s (B—s)B
to obtain

) 11 [etieg 1 s
PO = 5 g | ds[(ﬂs)ﬁ]m
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where the first step comes from differentiation under the integral sign, the second
from integration by parts, and the third from trivial rearrangement.
This can be computed. Consider the function

. ! 5= /Oc 5P [Re(s — ) > 0].
- 1

Substitute x = e*, dz = e*d\ and write s = a + iy to obtain

1
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which gives, from Fourier inversion,

o0 1 . 2re*r(B=a) if 2 > 0,
———e""dp =
e @i —p 0, if z <O.

It follows that

1 fotie 1 Boify>1,
yds = {y nY (7)

27 ), i 5—B 0, ify<l.
Since we already have = > 1, F'(B) = 2 /3.
The next step is to evaluate a contour integral. Let CT be the contour from

0 to = that consists of the real line segment from 0 to 1 — €, the semicircle in
the upper halfplane Im¢ > 0 from 1 — € to 1 + €, and then the real line segment

from 1 + € to x. Define
e v
= t
= [ o
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and note that

x

8
G'(B) = /C+ tP=1dt = t/)’o = F'(B).

Since G(B) is defined and analytic for Re(5) > 0, G(8) and F(8) must differ
by a constant. The hope is that we can compute this constant and hence find
F(B) as G(B) plus a constant.

We shall evaluate the constant by setting § = o 447, holding ¢ fixed, letting
T — oo, and evaluate F(f) and G(B). First, we evaluate the limit of G(5).
Making the change of variable ¢t = e* puts G(f) in the form

id+logx _Bu log x Bu

e e

/ —du + / —du.
10 —00 U id+log x U

Note that the path of integration has been altered slightly based on Cauchy’s
integral theorem. The further changes of variable u = id + v in the first integral
and u = logx + iw in the second put G(8) in the form

s log oV ) e~ TWeoiw
%77 ——" v — P —dw,
10+ v o logz +iw

— 00
whose values both approach 0 as 7 — oco. In the first integral, e %7 — 0 is
enough to make the value 0, and in the second, e™™" — 0 except at w = 0.
Therefore, the limit of G(8) as 7 — oo is 0.

Evaluating the limit of F'(8) is a bit trickier. Define another auxiliary func-

tion i
11 [ [logll - (s/5)
H = — . el Bt =1 Sl S s | s
(8) 2mt  logx /a,ioo ds { S z"ds
where a > Re 8 and log[1—(s/8)] is defined for complex § as log(s—3)—log(—p).
The goal is to compare this to F'(3) and thereby to G(8). In the upper halfplane
Im g > 0, the difference

11 [*7 d [logp — log(—
H(ﬁ)iF(ﬁ):Tm‘logx/G,ioo ds{ g8 Sg( ﬂ)]xsds
1 1 ot g Jin] |
T omi logx/a,ioo ds [s] @"ds

1 ot gr |
=5 o ?xéds
= —iT

where the last result is derived from equation (7). Therefore, F'(3) = H(S)+in
in the upper halfplane, reducing the problem to finding the limit of H(8) as
T — 00. From the derivative

dlogll —(s/B)] _ logll—(s/B)] & _ 1
ds S 52 s(s—B)
g/, 11




we may put this in the integral defining H(S). The first term is then

1 /“”“ log[1 — (s/B)]

3 o =2 x°ds.
Since 1 — (s/8) — 1 and hence log[l — (s/8)] — 0, the numerator is strongly
bounded. The denominator is s?, which grows like |s|? for large 7, and x*
oscillates along the line of integration. The 1/s% growth rate means the we may
use the Lebesgue bounded convergence theorem so that the limit of the integral
is the integral of the limit, which is 0 due to log[l — (s/8)] in the numerator.
Hence, this integral is 0. The second and third terms combine to give

1 /“*m [ 1 1 } s # 1

— ——— = — | 2%ds = — — —

2mi a—1i00 ﬁ(s - ﬁ) 58 B ﬁ
from equation (7). The numerators are bounded and |3] — oo, hence these
terms go to 0, and the function H(S) goes to 0. This implies F(3) — im, and

thus F(8) = G(B) + im in the halfplane Re 8 > 0. Finally, this allows us to
write the main J(x) term as

1—e 1+4+€ x
dt dt dt
F) = — — — 1
0 /0 10gt+/175 10gt+/1+5 logt "

Taking the limit as € — 0, we see that the second term approaches along a pole
of residue 1, but the contour is taken with the negative orientation, resulting

in llj: 1;% = —im, from the residue theorem. This implies that the i7 terms

cancel and we are left with

1—e¢ T
dt dt
F(1) = lim — —|—/ —— = Li(x).
—0 J, logt 14c logt

4.2 The Oscillatory Term

Next, we shall look at the term
3 log (1 - )
5 P

which involves the nontrivial roots of the zeta function. In the integral form for
J(x), this becomes

ds s

B /Nwd —Zplog(l_%) ads (8)
2mi logw J, '

—1400
At this point it is not clear what to do, since we do not know whether the

integral and sum can be interchanged. Riemann did not know how to prove
this, but he assumed it could be done. We will see in a later section that if we

12



assume the interchange is valid, the final result is the correct one, despite the
possible invalidity of the method.
Assuming we can interchange the integral and sum, this expression becomes

—-> H(p)

with the same H(p) as defined in the previous section. We showed that H(p) =
G(p) in the first quadrant (Rep > 0,Imp > 0), and if we take the integral
defining G(p) to go through the lower halfplane, the same holds p in the fourth
quadrant (Rep > 0,Imp < 0). That is, let C~ be the contour that goes in a
line segment from 0 to 1 — €, in a semicircle in the lower halfplane (Imp < 0)
from 1 — € to 1 4+ ¢, and then in a line segment from 1 + € to . Then after
pairing the terms p and 1 — p, we find that the total sum is equal to

P! tr
- > (/ —dt+/ dt).
a0 Mo logt c- logt

If 3 is real and positive, then the change of variable u = t°, logt = (logu)/3,

dt/t = du/uf gives
-1 g
/ dt:/ Y= Li(a?) — i,
o+ logt o logu

where the path from 0 to 2” passes in the upper halfplane near v = 1. Now the
integral converges in the upper halfplane Re 8 > 0 and thus gives an analytic
continuation of Li(z?) in this halfplane. On the other hand, the integral

U g Lifa
i ‘
/C_ Tog 1 i(z?) + im,

through a similar argument. Thus the formula for equation (8) is
- > [Li(a") + Li(z'~")] .
Im p>0

We must be careful as this sum converges only conditionally. We take the sum
in order of increasing | Im(p)].

4.3 The Constant Term

The next term is

log £(0),

which becomes, in the integral,

1 1 /a-i-ioo i |:10g£(0):| 2ods

_%.logaz a—ico ds s
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Integrating by parts and using equation (7), we have that the above is equal to

1 a+100 1
7og§(0) x°ds = log £(0),

% a—100
which is given by £(0) = I'(1)7%(0 — 1)¢(0) = —¢(0) = 1, so that
log £(0) = —log 2.

4.4 The Integral Term

The last useful term is s
logI’' (5 + 1)

and the corresponding integral is

11 /a+i°° d llogI‘(§+1)

I x®ds 9)

omi logz /4 ioo S

Using formula (1), a property of the gamma function, we may rewrite

1ogF<g+1> :i{—log(1+;)+;bg(l+i>].
1

Putting this formula in (9) and and assuming that we can interchange the sum
and integral, we have (9) in the form

R /wwd{—mgm(s/znn}msds

omi log x ds s

—100

where only the first sum is intact (the second sum vanishes because division by
s results in a constant, which has derivative 0). But this is equal to

- Z H(—2n)

where H is defined as in section 4.1 in the evaluation of the main term. In that
section we only evaluated H for Re(8) > 0. To analyze the behavior of H in

Re(B) < 0, define
E R
= — t
B[ o

and note that

14



so that F(8) and H(S3) differ by a constant. Now both E and H approach zero
as f — oo and so the constant is zero, giving E(8) = H(f). Thus our term
becomes

et e e] t*?ﬂ*l
—> H(-2n) = / dt
- . logt

oo

_ > 1 —2n
*/I tlogtg(t ) dt

7/°° dt
), t(t2—1)logt

assuming that termwise integration is valid.
To show that it is, we consider

d 10gF(s/2+ ii 10g1+ S/2n)]
ds — ds

For large n, take the Taylor series expansion log(l + ) = = — %xz + %x?’ —
to find that

_ii—log[l—l—(sﬂn)] 11 2s 35
ds s 24n?  38n?  416n*

which converges uniformly as the highest order term of n is n=2. This justifies
termwise differentiation. The termwise integration is likewise justified, as the
terms decay like 1/n? and the sum is hence uniformly convergent.

4.5 The Vanishing Term

The final term we look at is

5 log ,

which, as it turns out, completely vanishes in the formula for J(x), because

11 [ d T3l
—_— / - |? T x°ds = 0.
2m logx J,_ oo ds s

The term is divided by s and becomes constant, resulting in a derivative of 0,
and thus the entire term is 0.

4.6 Result

In the final analysis, we have
J(z) = Li(z) + ZL@'(JC”) —log2 + /OO __da
P . tt?2—1)logt

15



with £ > 1, and with the sum in the second term only conditionally convergent
(one must sum in order of increasing |Im(p)|). Combining this formula with

w() = S0 M sty

n

gives an analytic formula for 7(z). Remembering that this formula involves
a finite sum, we can see easily that if the formula for J(x) is valid, then the
formula for 7(x) must also be valid.

We have not yet shown the validity of termwise integration for the second

term
Z Li(z?).
P

A proof dealing with this sum directly was not discovered until 1908, nearly
half a century after Riemann’s paper, by Landau [L1]. There were also methods
of indirect proof which involved formulas for functions similar to J(z), one of
which we shall examine in the next section.

5 The Von Mangoldt Formula

5.1 Deriving the Formula

Consider a counting function that counts primes and prime powers weighted by
the log of the prime, that is,

b)= Y logp

pn<z

where the function assumes the halfway value at each jump.
This function has the corresponding equation (proved by von Mangoldt in
1894, see [E1])

—2n

n

¢(m)=x—z%—log(2ﬂ')+zx

for z > 1. While we shall not fully prove it here, we can show that it is a very
reasonable result. One can differentiate the formula for J(z) to obtain

1 xP1 1
dJ = - - d
<1ogx zp: logz  x(x?— 1)logm> o

Now, since J jumps by 1/n at prime powers, dJ = 1/n at = p™. Similarly,
dyp = logp = (1/n)log(p™) = (1/n)log(x) at x = p™. They are 0 everywhere
else. Hence these equations give

dy = (logz)dJ

(s s

P n
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where the last term can be derived with geometric series. This leads to the
plausible guess that

z’ T~
w(z):xfz?+ o +C.
P n

The hard part in showing that von Mangoldt’s formula holds is showing that
the oscillatory term , i.e. Zp xP/p, converges.

To derive such a formula for ¢ (z) in terms of ¢, von Mangoldt used the same
method as Riemann, i.e., he first found a formula for {(s) in an integral form of
¥(x), and then took the Laplace transform. In his case, he found

</(S) =3 * T x—s—l T
o= /0 Y(z)z—*"td,

which comes from log-differentiating the product formula for zeta, and then he
applies the transform to obtain

v = o | " -] (10)

27t Jo_ioo

for a > 1.

For the next step, we shall find a formula for —(’(s)/{(s) and take the
integral termwise. The reader will probably recognize this process as nearly
identical so far to the process Riemann used to find J(x).

Using the equation

O] (1 — Z) =T(s/2+ 1)(s — )7 ¥/2¢(s)

p

developed at the end of section 2.4 and log-differentiating, we find that
¢'(s) 1 1 1 1 1 1
— = — — =1 14— —=1 .
C(s) s—-1 ;s—er; s+2n+20g Jrn 9 08T
Plugging s = 0 gives
¢'(0) 1 1 1 1 1
— =-1 - —— 4+ =1 1+—| —=1
c(0) +§p:p+§n: 2n+20g +n 2og7r7

which, when substracted from the previous equation, gives

OIS s ¢
L) s ; p(s —p) " ; 2n(s +2n)  ¢(0)° (11)
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5.2 The Zp% Term

When we plug equation (11) into the integral in equation (10), the terms actually
converge so we do not need to take the extra step of integrating by parts as we
did for J(z). This simplifies the calculation immensely. We shall skip over
the calculation of the first, third, and fourth terms, as we already know from
calculation of J(z) what they should be (except for the value of the constant)
and why they converge. We shall concern ourselves with the second term, arising
from the nontrivial zeros, namely

_ Z _5
~ (s —p)
with the integral expression

1 a-+1i00 s SdS
— [Z p(p)l = (12)

210 Jg—ioo s — s

The goal will be to show that this term converges and is equal to
P
. (13)

. P

If we pair the roots p and 1 — p (such roots exist because £(s) = £(1 — s)), we
find that the sum actually converges uniformly. This can be seen from

Lo ’_ ] . 1
T (| R [P R 7 SRR P S PR §
_ 2(s — 1)

RCEE IR
Sc(p—%V

for large p, and the fact that
> <
1 1+4+€ ?
o lp— 3l

which is essentially due to £(s) having order of growth 1. The uniform con-
vergence implies that this sum can be integrated termwise over finite intervals.
Thus the term (12) is equal to

atih Sds zf 1 atih ps—pdg

T
hLH;oZQﬂ'Z/ in Pls—p h—>ooz p27m

and defines the correct term in the formula for ¢(x). It is not hard to find, for

x> 1,
1 (L+Lh s—pd
lim —/ r ey
a—ih ST P

18



which follows immediately from the formula

| et s s 0, fo<y<l,
im — = %, ify=1,
h—oo 2% Jo_ip S .
1, ify>1.

This would imply that the term (12) converges to

p

xf 1 atih ps—pdg P
lim / =
h—>oo p 2i
if we are allowed to interchange the limit and sum. If this is possible, then we
will have shown that (13) converges.
To do this, we shall follow von Mangoldt’s proof, which takes the limit

“diagonally” using the function

xf 1 [T gsoeds

> el (14)
Itm(p)|<h P a—ih P
Before doing the proof, we need two bounds on the integral
1 atih s
27 a—ih S
The first bound is
1 a+ih sd a
— / Y& <2 (15)
21 Jo_in S whlogx
with £ > 1 and a > 0, and the second is
1 a—Hd sd a
1 / yds v (16)
278 Jorie S (a+c)logx

where > 1, a > 0, and d > ¢ > 0. The proofs for both can be found in [E1],
and we shall not provide them in this paper.

We also need a statement about the density of roots p. Namely, there exists
H such that for T' > H, the number of roots in the region 7' < Im(p) < T + 1
is less than 2logT. It is clear due to £(s) having order of growth 1 that this
density must be less than 7, but to obtain the bound 2log T requires a bit more
detail, and it in fact uses Stirling’s approximation for the gamma function. We
shall not give the proof here, but it can also be found in [E1].

Now, on with the proof that (12) converges to (13). Consider for a given h
the differences

p 2T Join S—P

:L'p 1 /“J”h x5 Pds Z xr 1 ot gs—egs
(17)

277@
p | Tm(p)|<h
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and "
atith gps=rds

- > z (18)

itm(p)i<n P

zf 1

T
| Tm(p)|<h a—ih p

The goal will be to show that both of these are 0, which will prove that (12) is
equal to (13), and since the former converges, so does the latter.

We shall consider first an estimate of (17). Write p = 5+ 4. From (16), we
see that the modulus of (17) is at most

3 L /Wh z°Pds
S 21 Join S—pP
< 22 .’L'B 1 /a_6+i(7+h) .’L'tdt
TS B2 Japrieny
5 a—p
X X
<25y K

z¢ 1
<oty
logz &= y(y —h+¢)

where ¢ =a — 1 > 0 so that ¢ < a — 8 for all roots p. Grouping the with v > h
inintervals h <~v < h+1, h+1 <~ < h+2,..., then for large h, the interval
h+j <~ < h+j+1 contains at most 2log(h + j) roots, and thus the modulus
of (17) is at most a constant times

o0

= h+j ]+c)

This sum obviously converges because of the j2 in the denominator. However,
we need to show that as h — oo, the sum converges to 0. Choosing h large
enough so that log(h+7) < (h+4)'/2 for all j > 0, and thus the sum is at most

X

which can be made arbitrarily small by choosing large h. Hence (17) goes to 0.
Now consider (18). The modulus of (18) is at most

a—pB—iy+ih I’tdt
DI / .
27” a—pB—iy—ih t

0<7<h
Note the difference in bounds of integration. The integral bounds (15) and (16)

1
o N1, N
2

(h+75)2(j+¢)
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imply that this is at most

) Z ﬁ 1./a—l3+i(h+’7) 2tdt ) Z ﬁ 1‘/a—[3+i(h+’v) 2tdt
05rzn P 12 Jampitnry 0<7<} B2mi Ja—prith—y) ¢
<Y Sttt 2§ o
0<y<h B m(h+7)logz 0<»y<h a—B-i— —7)logx
2 1 2K 20 1
S hogr 2 0 Togr 2 T h=a)
&L hav<n T v T o\ <n y

where c =a—1> 0 and ¢ < a — 3 as before. Now we just need to show tht the

two sums 1 1
> st X e
oy 1ty = (et h =)

both go to 0. For the first sum, let H be an integer large enough such that the
interval H 4+ j <~ < H + j + 1 contains at most 2log(H + j) roots. Then

1 1 2log(H + j)
2 Shan S 2 st X W NhTE

0<~y<h v 0<~y<H 0<j<h—H

where the first sum has a finite number of terms, and thus goes to 0 as h — oo.
The second sum is at most

2 ) (logh) [;IL <Hij _h+111+j)]

0<j<h—H

0<j<h—H +'7

< plogh /h dt
~  h Jg_it
(log h)?
o
which goes to 0 as h — co. A similar calculation shows that the sum

1
2 ST

0<y<h

<2

goes to 0 as h — co.
With this, we have shown that (17) and (18) go to 0, and hence

p 1 fotih ps—pg P
tim 3% / - Y e

2 p 2mi | Im(p) | <h

and therefore, we have shown the convergence of

xp

. P
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6 The Prime Number Theorem and Concluding
Remarks

After the argument in the previous section, von Mangoldt then uses a Stieltjes
integral to transform the formula for ¢ (z) into the formula Riemann obtained
for J(x) (the integral is based on dip = (logz)dJ). Note that there is no
circular reasoning here, as von Mangoldt proved the formula for ¥ (z) without
using J(z) at all; the plausibility argument at the beginning of section 5.1 using
dyp = (logz)dJ is purely a result. In the Stieltjes integral that von Mangoldt
computed, there were two terms corresponding to the convergent > P /p: a
first term that contained the sum over p but did not contain the variable over
which he was integrating, hence the validity of termwise integration, and a
second term that contained p? on the denominator, so that the sum converged
uniformly. These formulas can be found on p.63 of [E1].

With these facts, this would constitute an indirect proof that the second
term in J(x), i.e. the term ) Li(x?), converges. Then the formula

J(z) = Li(z) + »_ Li(z") — log2 + /OO t(tz,dﬁ7

where > 1 and the second term is summed in order of increasing | Im(p)|, is
valid.
We now turn our attention for the remainder of the paper to the prime
number theorem
7(x)

which can almost be seen in Riemann’s formula, as w(x) ~ J(z), and x/logz ~
Li(z). Obviously the third and fourth term do not grow, but to show the prime
number theorem, one must show that

1
1 —_— ] P) —
wli)moo @/ Toz2) Ep Li(z”) = 0.

Perhaps it is much easier to see this with von Mangoldt’s formula after noting
that ¢(x) ~ m(z)loga. Then the prime number theorem amounts to showing
that ¢(z) ~ . From von Mangoldt’s formula

T

Nlogm’

P x—Qn
EETED SLASTTURS yloset
P n
we see that the prime number theorem is equivalent to
z” z 3"
lim B ZP s 10g(27r) + Zn 2n -0.
xr—00 X

Since the last 2 terms do not grow with z, it suffices to show that

Pt

I =0
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which would follow from x°~! — 0 for all p. This requires the proof that there
are no zeros on the line Re(s) = 1, which is precisely what Hadamard and de la
Vallée Poussin showed in their proofs of the prime number theorem.
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